ABSTRACT. A triangular norm is a special kind of associative function on the closed unit interval [0,1]. Triangular norms (or t-norms) were introduced in the context of probabilistic metric space theory, and they have found applications also in other areas, such as fuzzy set theory. We determine the explicit forms of all t-norms which satisfy a generalized homogeneity property called quasi-homogeneity.
for all p, q, r in some space S and all nonnegative reals x and y. Interpreting Fpq(X) as the probability that the distance between p and q is less than x, inequality (0.2) means that the probability that the distance from p to r is less than x + y is at least as great as the T-value of the probabilities that the distance from p to q is less than x and the distance from q to r is less than y. For further information on the history, theory and applications of t-norms, see Schweizer and Sklar [2] . [3] ). In that case, either T(x, y) Min (x, y) with q)(t) t, or T(x, y) xy with q)(t) 2. We shall obtain that result as a corollary of the main result of the present paper, in which we determine the general solution of (0.3) for t-norms. Before proceeding, let us observe some other properties of t-norms. It is easy to deduce the following from the definition of triangular norm:
T(x, y) < Min (x, y), x, y I (i.e. Min is the "maximal" t-norm), so in particular
Note also that (0.3) forces H to be strictly increasing. For, setting x y 0 there, we have
Hence H(0) 0, since otherwise q) 1, which in (0.3) with 0 would yield 0 T(x, y) for all x, y L in violation of (0.1). (i) T satisfies T(x, x) < x for all x (0, 1) if and only if T admits the representation
where g: I--)/ is continuous, strictly decreasing with g(1) 0, where f: /--)I is onto, continuous, strictly decreasing on [0, g(0) ] with f(u) 0 for u > g (0), and where f g is the identity map on I (i.e. g is a "quasi-inverse" off).
(ii) If T(x, x) x for all x e I, then T Min on I I. among maps g, a, b: I--) /, is given by the following:
for all x L where c and d arc arbitrary constants, I---+ is an arbitrary solution of the logarithmic functional equation We observe in passing that the full force of the definition of t-norm was not used in Lemma 2.1. In fact, Lemma 2.1 is valid also whenever T: I x I ---) I is quasi-homogeneous, satisfies T(1,x) =T(x,1)
x, and the diagonal map t--> T(t, t) is non-decreasing and satisfies T(t, t) < for all < 1. Now we may assume that T is continuous and use Theorem 1.1 to obtain additional information about the structure of T. The next step is to deal with the Archimedean case. First, we establish that g (0) (and hence f= g-1 and T is strict). Suppose, to the contrary, that g(0) < *,,. Since g is continuous, we can choose positive so close to 0 that g(t) > -g(0). (0) and f= g-l. for some "constants" a and b (depending on t). Freeing I and recalling the definitions of gt and k t, we have now
valid for all t, x I.
The general solution of equation (2.9) is given in Theorem 1.2. We eliminate solution (1.4) here because g is strictly monotonic. We consider solutions (1.3) and (1.5) separately. Case 1. Suppose the solution of (2.9) is of the form (1.3). Since g is strictly decreasing, so is the logarithmic function/ That is, there exists a constant b < 0 for which g(x) b log x + c, a(t) 1, and b(t) log t. (2.1 I) Substituting these into (2.10), we find that : I'I(x) II(xt2), t, x I.
With x 1, this yields H(q)= q H(1) for all q e 1. Furthermore, inserting (2.11) into (1.1), withf g-l, we obtain (2.5) for T. Case 2. Suppose the solution of (2.9) is of the form (1.5). Since g is strictly monotonic, the same is true of the multiplicativc function m, so re(x) x[j. Moreover, since g (0) and g (1) r for all x e (0, 1).)
